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Abstract
A QCD factorization formalism was recently proposed for evaluating heavy quarkonium produc-
tion at large pT at collider energies. With systematically calculated short-distance partonic hard
parts and evolution kernels of fragmentation functions (FFs), the predictive power of this factoriza-
tion approach relies on our knowledge of a large number of universal FFs at an input factorization
scale µ0 >∼ 2mQ with heavy quark mass mQ. With the large heavy quark mass, the relative motion
of the heavy quark pair inside a heavy quarkonium is effectively non-relativistic. We evaluate these
universal input FFs using non-relativistic QCD (NRQCD) factorization, and express the large
number of FFs in terms of a few universal NRQCD long-distance matrix elements (LDMEs) with
perturbatively calculated coefficients. We derive complete contributions to the single-parton FFs
at both O(αs) and O(α2s), and the heavy quark pair FFs at O(αs). We present detailed derivation
for all contributions involving LDMEs of S-wave NRQCD QQ¯-states (P -wave contributions in a
companion paper [1]). Our results bridge the gap between the QCD factorization formalism and
its phenomenological applications.
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I. INTRODUCTION
Heavy quarkonium production has been a powerful tool to test and challenge our under-
standing of strong interaction and QCD [2, 3]. Since the heavy quark mass, mQ ≫ ΛQCD,
the production of the heavy quark pair could be calculated perturbatively [4]. However, the
transformation or hadronization of the pair to a heavy quarkonium is intrinsically nonper-
turbative. Different treatments of the hadronization process lead to various factorization
models for heavy quarkonium production, such as color singlet model (CSM), color evapo-
ration model (CEM) and non-relativistic QCD (NRQCD) model [2]. Among them, NRQCD
model is by far the most successful in phenomenological study [2, 5–7].
NRQCD model [8], which includes CSM and CEM as its special cases, is basically an effec-
tive field theory approach relied on the separation of momentum scales in heavy quarkonium
production. As a conjecture, NRQCD model separates heavy quarkonium production into
two steps: (1) the production of a heavy quark pair of a particular spin and color state
in a hard collision with a momentum transfer larger than twice of the heavy quark mass,
which could be calculated perturbatively; and (2) the heavy quark pair then evolves into
a physical heavy quarkonium, which is characterized by momentum scales much less than
the heavy quark mass and is in principle a nonperturbative process, and the net transition
rate is given by universal NRQCD long-distance matrix elements (LDMEs). Summing over
the pair’s all possible spin and color states gives the total inclusive cross section. With the
perturbative hard parts calculated to next-to-leading order (NLO) in αs and carefully fitted
LDMEs, NRQCD is very successful in interpreting the data on production rate of χcJ , J/ψ
and Υ from Tevatron and the LHC [9–13].
However, with additional large scales other than the heavy quark mass, potentially, the
perturbative expansion of the hard parts of NRQCD factorization approach could be unsta-
ble. For example, for heavy quarkonium produced at large transverse momentum pT , large
ln(p2T/m
2
Q)-type logarithms need to be systematically resumed. Moreover, high order cor-
rections may receive huge power enhancements in terms of p2T/m
2
Q, which could overwhelm
the suppression of αs at large pT [14, 15].
Several inconsistencies between NLO NRQCD calculations and experimental data have
been realized recently. The combination of color octet LDMEs for J/ψ production, M
J/ψ
0,3.9 =
7.4 × 10−2 GeV3 [10], obtained by fitting hadron collider data based on NLO NRQCD
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calculation, contradicts to the upper limit, 2.0 × 10−2 GeV3, derived from e+e− data [16].
The first attempt of global fitting on J/ψ production in Ref. [11] effectively confirmed this
inconsistency, where the minimum χ2 per degree of freedom of the fitting is larger than 4.
In addition, the full NLO NRQCD calculation has difficulties to explain the polarization of
exited state ψ′ measured at Tevatron [18], as well as the polarization of heavier quarkonium,
such as Υ(3S) measured by CMS at the LHC [13, 19], although it is capable of explaining
the data on the J/ψ polarization [17]. Because of the large logarithms and possible huge
power enhancement at higher orders, it is difficult to determine whether such inconsistencies
are from large high order corrections or from the failure of NRQCD factorization conjecture.
Recently, a new QCD factorization approach to high pT heavy quarkonium production at
collider energies was proposed [14, 15, 20, 21]. A similar factorization approach based on soft-
collinear effective theory (SCET) was also proposed [22]. In the QCD factorization approach,
the cross section is first expanded by powers of 1/p2T . As argued in Refs. [14, 15], both the
leading-power (LP) term and next-to-leading-power (NLP) term of the expansion could be
factorized systematically into infrared-safe short-distance partonic hard parts convoluted
with universal fragmentation functions (FFs), plus parton distribution functions (PDFs)
in the case of hadronic collisions. Unlike the NRQCD factorization approach, the short-
distance hard parts calculated by using the QCD factorization formalism are free of large
logarithms and the power enhancements. All powers of ln(p2T/m
2
Q)-type logarithms are
resumed by solving a closed set of evolution equations of FFs. Because of its better control
on high order corrections, the QCD factorization approach is a powerful tool to check our
understanding of heavy quarkonium production.
Similar to the inclusive production of a light hadron at high pT , the predictive power
of QCD factorization approach to heavy quarkonium production requires our knowledge of
the FFs, in addition to the systematically calculated short-distance partonic hard parts.
With the perturbatively calculated evolution kernels, we only need the FFs at an input
scale µ0 >∼ 2mQ, while the evolution equations could generate the FFs to any other scales.
However, because of the inclusion of NLP contribution to the cross section, it requires more
unknown input FFs. For the LP term, we need a minimum of two single parton (light quark
+ gluon) FFs to each heavy quarkonium state, if we assume that all light quark/antiquark
flavors share the same FF, plus one or two more input FFs if we include fragmentation
contribution from a heavy quark, whose mass mQ ≪ pT . For the NLP term, we need at
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least six heavy quark-pair FFs due to the pair’s two color and four spin states (vector,
axial vector, and tensor states), if we do not distinguish the two tensor states. Combining
the LP and NLP contributions, we need a minimum of eight to ten unknown input FFs
to describe the production of each heavy quarkonium state. Although contributions from
some fragmentation channels, such as the tensor channels, could be less important, it still
requires a lot of information/data to extract these FFs, which makes it difficult to test this
factorization formalism precisely.
Like all QCD factorization approaches to high pT hadron production, it is the FFs at the
input scale that are most sensitive to the properties of the heavy quarkonium produced, since
the perturbatively calculated partonic hard parts and evolution kernels are insensitive to any
long-distance characteristics, such as the spin and polarization, of the produced quarkonium.
That is, the knowledge of heavy quarkonium FFs at the input scale is extremely important
for understanding the production and formation of different heavy quarkonia at collider
energies.
Unlike the light hadron FFs, heavy quarkonium FFs have an intrinsic hard scale - the
heavy quark mass mQ, which could be large enough to be considered as a perturbative
scale. With the input scale µ0 >∼ 2mQ, NRQCD could be a good effective theory to be used
to calculate these unknown input FFs, because they do not have large logarithmic terms
or the huge power enhancement at µ0. Although there is no formal proof that NRQCD
factorization works for evaluating these universal input FFs perturbatively to all orders in
αs and all powers in expansion of heavy quark velocity, v, it was demonstrated [23, 24] that
NRQCD factorization works up to two-loop radiative corrections. It was proposed to use
NRQCD factorization to evaluate heavy quarkonium FFs at the input scale [15, 20], as a
conjecture, so that all unknown heavy quarkonium input FFs could be given by functions
of a few unknown, but, universal NRQCD LDMEs with the perturbatively calculated short-
distance coefficients in terms of NRQCD factorization.
In this paper and a companion paper [1], we present our calculation of the input heavy
quarkonium FFs at the scale µ0 using NRQCD factorization approach, including contri-
butions through both S-wave and P -wave NRQCD QQ¯-states. We derive the FFs from a
perturbatively produced heavy quark pair for all partonic channels at O(α0s) and O(αs). For
the completeness, we also present the FFs from a single parton at both O(αs) and O(α2s).
All heavy quarkonium FFs from our calculation have an explicit and definite dependence
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on momentum fractions and the input factorization scale µ0, which should be a parameter
to be determined by fitting experimental data, along with a few unknown NRQCD LDMEs
for each physical heavy quarkonium state. From the existing phenomenological success of
NRQCD factorization approach to inclusive production of heavy quarkonia, and the clear
separation of momentum scales, we expect that our results should provide a reasonable de-
scription of these non-perturbative FFs at the input scale. With our calculated input FFs,
the evolution kernels of FFs in Ref. [14], and the short-distance perturbative hard parts from
Ref. [15], we should be able to perform the first numerical predictions for heavy quarkonium
production at collider energies in terms of the QCD factorization approach, which is beyond
the scope of this paper.
Within the frame work of NRQCD factorization approach, these input heavy quarkonium
FFs could be systematically improved in powers of both coupling constant αs and heavy
quark velocity v. We are aware that without a formal proof of NRQCD factorization for
calculating these FFs, some modifications to these nonperturbative FFs might be needed for
a better description of data. In this sense, any calculation in QCD factorization approach to
heavy quarkonium production by using our calculated input FFs is a good test of NRQCD
factorization. Any modification to our calculated input FFs for a better description of data
may provide insight to the validity of NRQCD factorization.
The rest of this paper is organized as follows. In section II, we briefly review the QCD
factorization approach to heavy quarkonium production at collider energies. In section III,
we apply NRQCD factorization to heavy quarkonium FFs from a single parton as well as a
heavy quark pair. Since various single parton to heavy quarkonium fragmentation functions
are available in the literature, we concentrate on the detailed calculations of FFs from a heavy
quark pair, while we provide our full results of the FFs from a single parton in Appendix
C with a brief discussion. We present our leading order (LO) and NLO calculation of the
FFs from a heavy quark-pair by using an example [QQ¯(a[8])] → [QQ¯(1S [8]0 )] in Section IV
and V, respectively. Our complete results for heavy quarkonium FFs through a S-wave
NRQCD QQ¯-states are listed in Appendix D. Our conclusions are summarized in Section
VI. Calculation details and full results for the FFs through a P -wave NRQCD QQ¯-states
are presented in a companion paper [1].
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II. QCD FACTORIZATION APPROACH
In the QCD factorization approach, the production cross section of a heavy quarkonium
H with momentum p at a large transverse momentum pT in the lab frame is expanded in a
power series of 1/pT [14, 15, 20, 21]
Ep
dσA+B→H+X
d3p
(p) ≈
∑
f
∫
dz
z2
Df→H(z;mQ)Ec
dσˆA+B→f(pc)+X
d3pc
(
pc =
1
z
pˆ
)
+
∑
[QQ¯(κ)]
∫
dz
z2
dζ1 dζ2
4
D[QQ¯(κ)]→H(z, ζ1, ζ2;mQ)
× Ec
dσˆA+B→[QQ¯(κ)](pc)+X
d3pc
(PQ, PQ¯;P
′
Q, P
′
Q¯),
(1)
where the factorization scale µF dependence is suppressed, and the summation over unob-
served particles X is understood. In Eq. (1), the heavy quarkonium momentum pµ is defined
in the lab frame as pµ = (mT cosh y, pT , mT sinh y) with rapidity y, mT =
√
m2H + p
2
T and
pT =
√
p2T . For our calculation of input FFs, it is more convenient to define the momentum
pµ in a frame in which it has no transverse component as pµ = (p+, p− , 0⊥) with
p+ =
(
mT cosh y +
√
p2T +m
2
T sinh
2 y
)
/
√
2 ,
p− =
(
mT cosh y −
√
p2T +m
2
T sinh
2 y
)
/
√
2 , (2)
in terms of the rapidity and transverse momentum in the lab frame. The components in the
light-cone coordinate in Eq. (2) are defined as p± = (p0 ± p3)/√2. With the two light-like
vectors ˆ¯nµ = (1+, 0−, 0⊥) and nˆ
µ = (0+, 1−, 0⊥), which satisfy ˆ¯n
2 = nˆ2 = 0 and ˆ¯n · nˆ = 1, the
light-cone components of momentum pµ can be expressed as p+ = p · nˆ and p− = p · ˆ¯n. In
this frame, we have the momenta of perturbatively produced partons in Eq. (1) as pc = pˆ/z
with pˆµ = (p+, 0−, 0⊥) = p
µ(mH = 0) (or z = pˆ
+/p+c ), and
PQ =
1 + ζ1
2
pc, PQ¯ =
1− ζ1
2
pc, P
′
Q =
1 + ζ2
2
pc, P
′
Q¯ =
1− ζ2
2
pc , (3)
where ζ1 and ζ2 are relative light-cone momentum fractions between the heavy quark and
antiquark in the amplitude and its complex conjugate, respectively. Note that in Eq. (1),
we used variables ζ1 and ζ2 instead of the u and v used in Ref. [14], which are one-to-one
corresponded as ζ1 = 2u− 1, ζ2 = 2v − 1, and dζ1dζ2/4 = du dv.
The factorization formula in Eq. (1) was argued to be valid in QCD perturbation theory
to all orders in αs [14]. The first term on the right-hand-side is the leading power (LP)
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contribution to the production cross section in its 1/pT expansion, while the second term is
the next-to-leading power (NLP) contribution, or the first power correction. The Feynman
diagrams in the cut diagram notation for these two terms are shown in Fig. 1. Physically,
the first term represents the production of a single parton of flavor f at short-distance,
followed by its fragmentation into the observed heavy quarkonium H . The
∑
f runs over
all parton flavors f = q, q¯, g including heavy quarks with its mass mQ ≪ pT . For collider
energies at the LHC, the sum could include charm quark c as well as bottom quark b. The
second term describes the production of a heavy QQ¯-pair at the hard collision, and the pair
then fragments into an observed heavy quarkonium H . The
∑
[QQ¯(κ)] runs over all possible
spin and color states of the QQ¯-pair, which could be the vector (v[1,8]), axial-vector (a[1,8])
or tensor (t[1,8]) state, with the superscripts labeling the color state of the pair: singlet ([1])
or octet ([8]). The projection operators of different QQ¯-pair states are given in Ref. [14]. For
completeness, we also list these operators in Appendix A. Note that in the diagram on the
right in Fig. 1, the QQ¯-pair on the left of the cut could have different relative momentum
from the QQ¯-pair on the right, which means that ζ1 is not necessarily equal to ζ2 in Eq. (1).
p p
P1
P2
P1
P2
pˆ/z
pg pg
pˆ/z
p p
P1
P2
P1
P2
a b c d
i j k l
PQ
PQ
P ′Q
P ′
Q
FIG. 1: pQCD factorization diagrams of heavy quarkonium production. Left: single parton (here
taking gluon as an example) fragmentation; right: heavy quark pair fragmentation.
In Eq. (1), the short-distance partonic hard parts dσˆ could be systematically calculated in
powers of αs (needs to convolute with parton distribution functions (PDFs) if A and/or B is
a hadron). The fragmentation functions Df→H(z;mQ, µF ) and D[QQ¯(κ)]→H(z, ζ1, ζ2;mQ, µF )
are unknown, but process independent, universal functions. Their dependence on factoriza-
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tion scale µF is determined by a closed set of evolution equations [14],
∂
∂ lnµ2F
Df→H(z;mQ, µF ) =
∑
f ′
∫ 1
z
dz′
z′
Df ′→H(z
′;mQ, µF ) γf→f ′(z/z
′, αs)
+
1
µ2F
∑
[QQ¯(κ′)]
∫ 1
z
dz′
z′
∫ 1
−1
dζ ′1
2
∫ 1
−1
dζ ′2
2
D[QQ¯(κ′)]→H(z′, ζ ′1, ζ ′2;mQ, µF )
× γf→[QQ¯(κ′)](
z
z′
, u′ =
1 + ζ ′1
2
, v′ =
1 + ζ ′2
2
),
(4)
∂
∂ln µ2F
D[QQ¯(κ)]→H(z, ζ1, ζ2;mQ, µF )
=
∑
[QQ¯(κ′)]
∫ 1
z
dz′
z′
∫ 1
−1
dζ ′1
2
∫ 1
−1
dζ ′2
2
D[QQ¯(κ′)]→H(z′, ζ ′1, ζ ′2;mQ, µF )
× Γ[QQ¯(κ)]→[QQ¯(κ′)](
z
z′
, u =
1 + ζ1
2
, v =
1 + ζ2
2
; u′ =
1 + ζ ′1
2
, v′ =
1 + ζ ′2
2
),
(5)
where we explicitly convert the variables u and v to ζ1 and ζ2 in the argument of evolution
kernels γf→[QQ¯(κ′)] and Γ[QQ¯(κ)]→[QQ¯(κ′)] to avoid confusion. The evolution kernels γ
′s and Γ′s
are process-independent and perturbatively calculable. The well-known DGLAP evolution
kernels γf→f ′ are available to next-to-next-to-leading order in αs. The power-mixing evo-
lution kernels γf→[QQ¯(κ′)] were calculated in Ref. [14], and the heavy quark pair evolution
kernels Γ[QQ¯(κ)]→[QQ¯(κ′)] have been recently calculated by two groups independently [14, 25].
If both κ and κ′ are color singlet, the kernel Γ[QQ¯(κ)]→[QQ¯(κ′)] reduces to the well-known
Efremov-Radyushkin-Brodsky-Lepage evolution kernel for exclusive processes [26, 27].
Similar to the FFs for pion or kaon production, a set of single parton and QQ¯-pair frag-
mentation functions at an input factorization scale µ0 is required as the boundary conditions
(BCs) for solving the evolution equations in Eqs. (4) and (5). For production of each heavy
quarkonium state at high pT ≫ mQ, we need four single parton input FFs and six QQ¯-pair
input FFs as the required BCs. Since these BCs are nonperturbative, in principle, they
should be extracted from data. However, extracting ten or more unknown functions for each
physical heavy quarkonium is difficult in practice. The extraction is practically feasible if
we have some knowledge of these BCs, such as their functional forms.
When the factorization scale µF → µ0 >∼ 2mQ, ln(µ20/m2Q)-type logarithms as well as
powers of µ20/m
2
Q in NRQCD calculations are no longer large. With a clear separation of
momentum scales, µ0 ∼ O(mQ) ≫ mQv, NRQCD might be the right effective theory for
calculating these input FFs by factorizing the dynamics at µ0 from non-perturbative soft
physics at the scale of mQv and below. In the rest of this paper, as a conjecture [15, 20, 21],
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we apply NRQCD factorization to these input FFs at µ0, and calculate corresponding short-
distance coefficient functions to the first nontrivial order in αs for the fragmentation via all
S-wave NRQCD QQ¯ states.
III. NRQCD FACTORIZATION FOR FFs
In this section, we set up the prescription for calculating the heavy quarkonium FFs at
an input factorization scale, µ0, in terms of NRQCD factorization formalism [8].
A. Calculation of single-parton FFs
We can write the NRQCD factorization formalism for heavy quarkonium FFs from single
parton as [15, 20, 21]
Df→H(z;mQ, µ0) =
∑
[QQ¯(n)]
dˆf→[QQ¯(n)](z;mQ, µ0, µΛ)〈OH[QQ¯(n)](µΛ)〉, (6)
where H represents a particular physical heavy quarkonium state, µ0 >∼ 2mQ represents
the input QCD factorization scale at which the ln(µ0/mQ)-type logarithmic contributions
to the production cross section are comparable with the mQ/µ0-type power suppressed
contribution, µΛ ∼ mQ is NRQCD factorization scale and does not have to be equal to
µ0. The summation runs over all intermediate non-relativistic QQ¯ states, which is labelled
as n = 2S+1L
[1,8]
J , with superscript
[1] (or [8]) denoting color singlet (or octet) state. Short-
distance coefficients dˆf→[QQ¯(n)](z;mQ, µ0, µΛ) describe the dynamics at energy scale larger
than µΛ ≫ ΛQCD, thus they could be calculated perturbatively. LDMEs 〈OH[QQ¯(n)](µΛ)〉
include all interactions below scale µΛ, and are intrinsically nonperturbative. These universal
LDMEs are scaled in powers of QQ¯-pair’s relative velocity v ≪ 1 in the rest frame of
H . Hence, in practice, the summation could be approximately truncated, with only a few
terms left to be considered. For example, to calculate J/ψ production at the LHC, the
most important LDMEs are n = 3S
[1]
1 ,
1S
[8]
0 ,
3S
[8]
1 and
3P
[8]
J up to order v
4. In Eq. (6), the
factorization scales, µ0 and µΛ, along with the LDMEs, should be determined by fitting
experimental data.
Since the short-distance coefficients dˆf→[QQ¯(n)](z;mQ, µ0, µΛ) are not sensitive to long-
distance details of the heavy quarkonium state, the same factorization formula in Eq. (6)
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could be applied to an asymptotic partonic state, such as an asymptotic QQ¯-pair state. By
replacing the heavy quarkonium state H with an asymptotic QQ¯-pair state, [QQ¯(n′)], we
can write
Df→[QQ¯(n′)](z;mQ, µ0) =
∑
[QQ¯(n)]
dˆf→[QQ¯(n)](z;mQ, µ0, µΛ)〈O[QQ¯(n
′)]
[QQ¯(n)]
(µΛ)〉. (7)
With this form, one could calculate the Df→[QQ¯(n′)](z;mQ, µ0) on the left with perturbative
QCD and the 〈O[QQ¯(n′)]
[QQ¯(n)]
(µΛ)〉 on the right with perturbative NRQCD. If NRQCD factoriza-
tion is valid for these input FFs, the LDMEs on the right should reproduce all infrared
(IR) and Coulomb divergences in Df→[QQ¯(n′)](z;mQ, µ0), with short-distance coefficients
dˆf→[QQ¯(n)](z;mQ, µ0, µΛ) IR-safe to all orders.
However, there is a major difference between applying NRQCD factorization to the heavy
quarkonium production cross sections and to the heavy quarkonium FFs [15]. For the
production cross section, all perturbative UV divergences are completely taken care of by
the renormalization of QCD. For the input FFs, on the other hand, there are additional
perturbative UV divergences associated with the composite operators that define the FFs.
Since NRQCD factorization in the right-hand-side (RHS) of Eq. (6), so as Eq. (7), is a
factorization of soft region corresponding to heavy quark binding, it does not deal with the
UV divergence of the composite operators defining the FFs in the left-hand-side (LHS) of
the same equation. That is, the matching in Eq. (6), so as in Eq. (7), and similarly, that
in Eq. (10) below, makes sense only if all perturbative UV divergences associated with the
composite operators defining the FFs in the left-hand-side (LHS) are renormalized and any
ambiguity in connection with this renormalization is simply a part of factorization scheme
dependence of the FFs [15].
Although a formal proof for the NRQCD factorization formula in Eq. (6) is still lacking,
The derivation of the coefficients dˆf→[QQ¯(n)](z;mQ, µ0, µΛ) by calculating both sides of Eq. (7)
perturbatively actually provides an explicit verification of the factorization formalism, order-
by-order in perturbation theory. In the case of single parton FFs, we calculated all the
short-distance coefficients up to O(α2s) and no inconsistency has been found. Many of these
single parton FFs have been calculated before and are available in the literature [28–31, 33–
36]. We found that our results agree with almost all of them. Since enough calculation
details were presented in those early papers, here we simply list our complete results for
single parton FFs in Appendix C, and point out any differences from early publications.
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B. Calculation of QQ¯-pair FFs
The fragmentation function for a QQ¯-pair in a particular spinor and color state κ to a
physical heavy quarkonium H with momentum p is defined as [14]
D[QQ¯(κ)]→H(z, ζ1, ζ2;mQ, µ0) =
∫
p+dy−
2π
p+/z dy−1
2π
p+/z dy−2
2π
× e−i(p+/z)y−ei(p+/z)[(1−ζ2)/2] y−1 e−i(p+/z)[(1−ζ1)/2] y−2
× P(s)ij,kl(pc) C[I]ab,cd 〈0|ψ¯c′,k(y−1 )[Φ(F )nˆ (y−1 )]†c′c[Φ(F )nˆ (0)]dd′ ψd′,l(0)|H(p)X〉
× 〈H(p)X|ψ¯a′,i(y−)[Φ(F )nˆ (y−)]†a′a[Φ(F )nˆ (y− + y−2 )]bb′ψb′,j(y− + y−2 )|0〉,
(8)
where subscripts i, j, k, l are the spinor indices of heavy (anti-)quark fields, a, a′, b, b′ . . . are
color indices of SU(3) color in the fundamental representation, and the summation over
repeated indices are understood. Operators P(s)ij,kl(pc) and C[I]ab,cd project the fragmenting
QQ¯-pair to a particular spin and color state κ, which could be a vector (v[1,8]), axial-vector
(a[1,8]) or tensor (t[1,8]) state, with superscript denoting the color. Definitions of these pro-
jection operators are listed in Appendix A. Since the relative momenta of the QQ¯-pairs in
the amplitude and its complex conjugate are not necessarily the same, ζ1 and ζ2 could be
different. Φ
(F )
nˆ is the gauge link to make the fragmentation function gauge invariant, and is
defined as
Φ
(F )
nˆ (y
−) = P exp
[
−i g
∫ ∞
y−
dλ nˆ ·A(F )(λnˆ)
]
, (9)
where superscript (F ) indicates the fundamental representation.
Assuming that NRQCD factorization works for heavy quarkonium FFs, we can factorize
the heavy quarkonium FFs from a QQ¯-pair as [15]
D[QQ¯(κ)]→H(z, ζ1, ζ2;mQ, µ0) =
∑
[QQ¯(n)]
dˆ[QQ¯(κ)]→[QQ¯(n)](z, ζ1, ζ2;mQ, µ0, µΛ)〈OH[QQ¯(n)](µΛ)〉, (10)
where symbols have the same meaning as those in Eq. (6). If the factorization formalism in
Eq. (10) is valid, it should also be valid if we replace the heavy quarkonium state H by any
asymptotic partonic state. By replacing the heavy quarkonium state H with an asymptotic
QQ¯-pair state, [QQ¯(n′)], we can write
D[QQ¯(κ)]→[QQ¯(n′)](z, ζ1, ζ2;mQ, µ0) =
∑
[QQ¯(n)]
dˆ[QQ¯(κ)]→[QQ¯(n)](z, ζ1, ζ2;mQ, µ0, µΛ)〈O[QQ¯(n
′)]
[QQ¯(n)]
(µΛ)〉 ,
(11)
12
and derive the short-distance coefficients, dˆ[QQ¯(κ)]→[QQ¯(n)](z, ζ1, ζ2;mQ, µ0, µΛ) above by cal-
culating both sides of the equation, perturbatively. If the factorization is valid, any IR
sensitivity of the fragmentation function to an asymptotic state of a QQ¯-pair on the left of
the equation should be systematically absorbed into the NRQCD LDMEs on the right, in
the same manner as in Eq. (7). As explained in the last subsection, the matching in Eq. (10),
so as Eq. (11), is possible only if the UV renormalization of the composite operators defining
the FFs in the LHS of the equation is taken care of [15].
In this paper, we use dimensional regularization to regularize various divergences involved
in our NLO calculations. With the definition in Eq. (8), we have an explicit D-dimensional
expression for the LHS of Eq. (11) as
D[QQ¯(s[b])]→[QQ¯(i[b′])](z, ζ1, ζ2;mQ, µ0) =
zD−2
NsNbN
NR
i N
NR
b′
∫
dDpc
(2π)D
(∏
X
∫
dD−1pX
(2π)D−12EX
)
× (2π)DδD(pc − p−
∑
X
pX)δ(z − p
+
p+c
)M[QQ¯(s[b])]→[QQ¯(i[b′])](p, z, ζ1, ζ2) + UVCT(µ0)
=
zD−2
NsNbNNRi N
NR
b′
(∏
X
∫
dD−1pX
(2π)D−12EX
)
δ(z − p
+
p+c
)
×M[QQ¯(s[b])]→[QQ¯(i[b′])](p, z, ζ1, ζ2) + UVCT(µ0) ,
(12)
where p is the momentum of produced heavy quark state [QQ¯(i[b
′])], and “UVCT(µ0)”
indicates the UV counter-term needed to remove the UV divergence associated with the
composite operators defining the FFs. In Eq. (12), we have separated the spinor and color
labels for both initial and final QQ¯-pair. s and b (i and b′) denote the spin and color state
for the incoming (outgoing) QQ¯-pair. s could be vector (v), axial-vector (a) or tensor (t).
i is labelled with spectroscopic notation 2S+1LJ . Color state b and b
′ can be either “1”
for color singlet or “8” for color octet. Ns and Nb (N
NR
i and N
NR
b′ ) are the spin and color
normalization factors for the incoming (outgoing) QQ¯-pair. Their definitions are listed in
Appendix A. The phase space integration for unobserved particles X is given explicitly.
The function M in Eq. (12) is given by
M[QQ¯(s[b])]→[QQ¯(i[b′])](p, z, ζ1, ζ2) =Tr
[
Γs(pc)CbA[QQ¯(s[b])]→[QQ¯(i[b′])](p, z, ζ1)
]
× Tr
[
Γ†s(pc)C
†
b A†[QQ¯(s[b])]→[QQ¯(i[b′])](p, z, ζ2)
]
× Ps(pc)PNRi (p) ,
(13)
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where “Tr” is understood as the trace for both spinor and color. In deriving Eq. (13),
we explicitly write the spinor (color) projection operator P(s)(pc) (and C[I]) in Eq. (8) as
a product of corresponding operator in the scattering amplitude and that in its complex
conjugate, such that P(s)(pc) ≡ Γs(pc)Γ†s(pc)Ps/Ns (and C[I] ≡ CbC†b/Nb). All of these
projection operators and corresponding normalization factors are listed in Appendix A.
The transition amplitude A in Eq. (13) is defined as,
A[QQ¯(s[b])]→[QQ¯(i[b′])](p, z, ζ1) = limqr→0
(
L∏
j=0
d
dq
αj
r
){∫
dDq1
(2π)D
× 2 δ(ζ1 − 2q
+
1
p+c
)
× A¯[QQ¯(s[b])]→[QQ¯(i[b′])](q1, qr) ΓNRi (p)CNRb′
}
,
(14)
where A¯ is the amputated amplitude, and the factor 2 in front of the delta function comes
from the integration of y−1 in Eq. (8). Spin projection operators Γ
NR
i and color projection
operators CNRb′ for outgoing Q and Q¯ are defined in Appendix A, which may have Lorentz
indexes and color indexes, respectively. In Eq. (14), q1 (qr) is the momentum of the incoming
(outgoing) heavy quark relative to the incoming (outgoing) QQ¯-pair’s center of mass. The
derivative operation,
∏L
j=0 d/dq
αj
r , with αj the Lorentz index of momentum qr, picks up the
contribution to the Lth orbital angular momentum state, with L = 1, 2, 3 . . . corresponding
to the orbital angular momentum state S, P, D . . . of final QQ¯-pair, respectively. For the
contribution to a S-wave QQ¯ state,
∏L=0
j=0 d/dq
αj
r = 1, and there is no need for the derivative
operation on qr. For higher orbital momentum states, L > 0, we expand the amplitude
to the Lth-order in qr. Note that the limit and derivative operation over qr in Eq. (14),
limqr→0
(∏L
j=0 d/dq
αj
r
)
, are outside of the q1 integration.
IV. LO MATCHING COEFFICIENTS
In this section and the next section, we take process [QQ¯(a[8])] → [QQ¯(1S [8]0 )] as an
example to present our detailed calculation of D[QQ¯(s[b])]→[QQ¯(i[b′])](z, ζ1, ζ2;mQ, µ0) and the
extraction of dˆ[QQ¯(κ)]→[QQ¯(n)](z, ζ1, ζ2;mQ, µ0, µΛ).
The heavy quark pair FFs to a heavy quarkonium are defined in terms of heavy quark
field operators in QCD, see Eq. (8) for example, while the heavy quark states in NRQCD
factorization are defined as non-relativistic. Therefore, there are matching coefficients be-
tween a fragmenting QCD heavy quark pair and a NRQCD heavy quark pair, defining the
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LDMEs. We derive the LO matching coefficients for all heavy quark fragmentation channels
in this section.
PQ PQ P
′
QP
′
Q
p
2 + qr
p
2
− qr p2 + q′rp2 − q′r
FIG. 2: Cut-diagram representation of D[QQ¯(s[b])]→[QQ¯(i[b′])](z, ζ1, ζ2;mQ, µ0) at zeroth order.
A general cut-diagram representation for D[QQ¯(s[b])]→[QQ¯(i[b′])](z, ζ1, ζ2;mQ, µ0) at zeroth
order in power of αs is given in Fig. 2, where momenta of incoming heavy quark and heavy
antiquark are defined as
PQ =
pc
2
+ q1, PQ¯ =
pc
2
− q1,
P ′Q =
pc
2
+ q2, P
′
Q¯ =
pc
2
− q2.
(15)
At the zeroth order, the LDME in Eq. (11) is proportional to delta function δn,n′. Thus,
Eq. (11) is simplified to
DLO
[QQ¯(s[b])]→[QQ¯(i[b
′])]
(z, ζ1, ζ2;mQ, µ0) = dˆ
LO
[QQ¯(s[b])]→[QQ¯(i[b
′])]
(z, ζ1, ζ2;mQ, µ0) . (16)
Eqs. (12) and (14) are reduced, respectively, to
DLO
[QQ¯(s[b])]→[QQ¯(i[b
′])]
(z, ζ1, ζ2;mQ, µ0) =
δ(1− z)
NsNbNNRi N
NR
b′
MLO
[QQ¯(s[b])]→[QQ¯(i[b
′])]
(p, z, ζ1, ζ2) , (17)
ALO
[QQ¯(s[b])]→[QQ¯(i[b
′])]
(p, z, ζ1) = lim
qr→0
{
2 δ(ζ1 − 2q
+
r
p+c
)
× A¯LO
[QQ¯(s[b])]→[QQ¯(i[b
′])]
(q1 = qr)Γ
NR
i (p)C
NR
b′
}
. (18)
In Eq. (17), the delta function is expected because all momenta flow from incoming QQ¯-pair
into the final QQ¯-pair.
One could further simplify the calculation by noting that at LO, the initial and final
heavy quark pair must have the same quantum numbers, i.e. (1) color label b and b′ must
be the same; (2) spinor label s and i must have the same parity. The parity of the outgoing
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QQ¯ state, i = 2S+1LJ with L = 0, is (−1)S, while the parity for the incoming QQ¯ state is
−1 for s = v, t, and +1 for s = a. Processes violating either of these two rules, such as
D[QQ¯(s[1])]→[QQ¯(i[8])](z, ζ1, ζ2;mQ, µ0) and D[QQ¯(v[b])]→[QQ¯(1S[b′]0 )](z, ζ1, ζ2;mQ, µ0), must vanish at
this order.
For our example [QQ¯(a[8])] → [QQ¯(1S [8]0 )], there is no derivative of qr in Eq. (18). From
Eqs. (13) and (18), we have
Tr
[
Γa(pc)C8ALO[QQ¯(a[8])]→[QQ¯(1S[8]0 )](p, z, ζ1)
]
=Trc
[√
2t(F )cin
√
2t(F )cout
]
Trγ

γ · nˆ γ5 − γ5 γ · nˆ
8p · nˆ
1√
8m3Q
(
/p
2
−mQ)γ5(/
p
2
+mQ)

× 2 δ(ζ1)
=− 1√
2mQ
δci, cf δ(ζ1),
(19)
where “Trc” is the trace for color, “Trγ” is the trace of γ-matrices, and cin(cout) is the color
for the incoming (outgoing) QQ¯-pair. In Eq. (19), we used the operator definitions given in
Appendix A and the fact that pc = p for deriving the right-hand-side (RHS) of the equation.
For carrying out the trace of γ-matrices in Eq. (19), we need to specify the definition of γ5
in D-dimension. Details of our prescription of γ5 in D-dimension can be found in Appendix
B. The delta function δ(ζ1) indicates that the momenta of the initial heavy quark and heavy
antiquark must be the same, since we have set the relative momentum of the final-state
heavy quark and anti-quark to zero. Finally, combining the result Eq. (19) with Eqs. (13),
(16) and (17), we obtain
dˆ LO
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) =
1
N2c − 1
1
2mQ
δ(1− z) δ(ζ1) δ(ζ2). (20)
A complete list of finite LO matching coefficients are given in Appendix D.
V. NLO MATCHING COEFFICIENTS
The NLO short-distance coefficients in Eq. (11) can be derived by expanding both sides
of the factorized formula to NLO as
DNLO[QQ¯(κ)]→[QQ¯(n′)](z, ζ1, ζ2;mQ, µ0) = dˆ NLO[QQ¯(κ)→[QQ¯(n′)](z, ζ1, ζ2;mQ, µ0, µΛ)
+
∑
[QQ¯(n)]
dˆ LO[QQ¯(κ)]→[QQ¯(n)](z, ζ1, ζ2;mQ, µ0)〈O[QQ¯(n
′)]
[QQ¯(n)]
(µΛ)〉NLO. (21)
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If NRQCD factorization is valid to this order, the second term on the RHS should have the
same IR divergence as that of the LHS, so that dˆ NLO
[QQ¯(κ)→[QQ¯(n′)]
(z, ζ1, ζ2;mQ, µ0, µΛ) is IR
finite.
DNLO
[QQ¯(κ)]→[QQ¯(n′)]
(z, ζ1, ζ2;mQ, µ0) could be calculated directly from Eqs. (12)-(14) with a
proper UV counter term to remove the UV divergence of the composite operators defining
the QQ¯-pair FFs. A general NLO correction includes virtual part and real part. In Feynman
gauge, these two parts could be represented in terms of Feynman diagrams in Figs. 3 and
4, respectively. Note that the diagrams (c), (d) and (e) in Fig. 3 are loop diagrams, in the
sense that they have also imaginary contribution, because of the q1-integral in Eq. (14).
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2
− qr
PQ PQ
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+ qr
p
2 − qr
k
PQ PQ
(a) (b)
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PQ PQ
k
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p
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k
PQ PQ
(c) (d)
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PQ PQ
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2
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2
− qr
PQ PQ
k
k
(f)
p
2 + qr
p
2 − qr
PQ PQ
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p
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PQ PQ
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p
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p
2
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PQ PQ
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(k) (l)
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p
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p
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PQ PQ
p
p
2
+ qr
p
2
− qr
PQ PQ
FIG. 3: Feynman diagrams for virtual correction at NLO.
A specific fragmentation process may not have both virtual and real corrections at this
order. For example, those which are forbidden at LO do not have NLO virtual correction,
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FIG. 4: Feynman diagrams for real correction at NLO.
while processes with both initial and final QQ¯-pair being in color singlet state do not have
NLO real correction. In general, fundamental symmetries of QCD not only constrain the
structure of the FFs, but also help simplify calculations. For example, the parity and time-
reversal invariance of QCD requires the FFs to a unpolarized final-state heavy quarkonium
to be symmetric in ζ1 and ζ2, which is also consistent with the reality of the FFs. We also find
that a modified charge conjugation, defined as the operation of charge conjugation followed
by the replacements of ζ1 → −ζ1 for the scattering amplitude (and ζ2 → −ζ2 for its complex
conjugate) [1], is very useful in helping simplify our calculations. Under this modified charge
conjugation, we find that for certain processes, some diagrams can differ from each other
only by a global factor, for example, ±1 for virtual correction or some specific δ-function
combinations for real correction, or more specifically, only five combinations, as listed in
Eq. (D35) to (D37).
We use dimensional regularization to regularize all kinds of divergences in this paper.
These divergences include ultra-violet (UV) divergence, infrared (IR) divergence, rapidity
divergence and Coulomb divergence. Because of heavy quark mass, there is no collinear
divergence. UV divergence of these diagrams will be cancelled by the pQCD renormalization
of the composite operators defining the QQ¯-pair FFs, where evolution kernels derived in
Ref. [14] are needed. In general, summation of all diagrams (real and virtual) could still
have leftover IR divergence, which should be the same as the IR divergence of LDMEs at
NLO. This must be the case if NRQCD factorization is valid, at least up to this order in
αs. Rapidity divergence is characterized as k · nˆ → 0, with k the momentum of the gluon.
Such divergence could overlap with UV divergence and produce a double pole. Eventually,
we find the rapidity divergences are cancelled once we sum over all diagrams.
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The cancelation of Coulomb divergence needs more discussion. The LHS of Eq. (21),
with the definitions in Eqs. (12)-(14), is Coulomb divergent in the region qr ∼ (mQv2, mQ~v).
Similar terms are also existed in the NLO LDMEs on the RHS of Eq. (21). If NRQCD
factorization is valid at this order, these terms cancel exactly, leaving the NLO short-distance
coefficients free of Coulomb divergence. However, to show this cancellation, we must keep
qr finite while performing the integration of q1, which is usually difficult and tedious. For
our S-wave calculations in this paper, we find that taking the limit qr → 0 before doing the
q1-integral in Eq. (14) leads to the same result, without explicit Coulomb divergent terms
in both the parton-level fragmentation function in the LHS of Eq. (21) and in the LDME’s
on the RHS of the same equation. That is, by switching the order of qr → 0 limit with
the q1-integration, one could obtain the same results for NLO short-distance coefficients via
a S-wave heavy quark pair, while the Coulomb divergent terms cancel implicitly. For the
P -wave case discussed in our companion paper [1], we will have to deal with the derivative
of qr in addition to the qr → 0 limit. But, as we proved in Ref. [1], the switching between
the combination qr-derivative and qr → 0 limit and the q1-integration in Eq. (14) is also
valid.
In the rest of this section, we illustrate the detailed NLO calculation with an example:
[QQ¯(a[8])]→ [QQ¯(1S [8]0 )]. For this channel, the second term on the RHS of Eq. (21) vanishes,
because for any intermediate state QQ¯(n), either the LO short-distance coefficient or the
NLO LDME is equal to zero (after taking the trick discussed above). Therefore, we have
DNLO
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) = dˆ
NLO
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0). (22)
To calculate the LHS of the above equation, we need to calculate both real and virtual
contributions.
A. Real contribution
The Feynman diagrams for real correction are shown in Fig. 4. We calculate these
diagrams in both Feynman gauge and light cone gauge, and the results are the same. After
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some algebra, we derive the real contribution as
DNLO,real
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) =
αs
4πmQNc(N2c − 1)
(
4πµ2
(2mQ)2
)ǫ
Γ(1 + ǫ)
×
{
−N2c δ(ζ1)δ(ζ2)δ(1− z)
(
1
ǫUVǫIR
− 1
ǫIR
)
+
1
ǫUV
z
(1− z)+
∆
[8]
−
4
+
∆
[8]
−
4
[
− 1
(1− z)+ − 2
(
ln(1− z)
1− z
)
+
+ 2 ln(1− z) + 1
]}
,
(23)
where (2mQ)
2 = p2 in the first line is the invariant mass squared of the produced heavy
quark pair, and
∆
[8]
− ≡ 4
{
(N2c − 2)[δ(1− z + ζ1)δ(1− z + ζ2) + δ(1− z − ζ1)δ(1− z − ζ2)]
+ 2[δ(1− z − ζ1)δ(1− z + ζ2) + δ(1− z + ζ1)δ(1− z − ζ2)]
}
.
(24)
The origin of each pole is labelled by subscript “UV” or “IR”. Infrared divergence at z → 1
are extracted with plus prescription
1
(1− z)1+2ǫ = −
1
2 ǫIR
δ(1− z) + 1
(1− z)+ − 2 ǫIR
(
ln(1− z)
1− z
)
+
. (25)
The double pole is from the region k · nˆ→ 0, k⊥ →∞. The function is even for both ζ1 and
ζ2, which is required by charge conjugation symmetry [1].
In Eq. (23), the multiplicative factor, (4πµ2/p2)ǫ with p2 = (2mQ)
2, is a generic feature
of one loop calculation using the dimensional regularization, where for the real contribution,
p2 is the invariant mass squared of the produced heavy quark pair. On the other hand,
for the virtual contribution, which will be derived in the next subsection, the correspond-
ing multiplicative factor will be (4πµ2/(p/2)2)ǫ = (4πµ2/m2Q)
ǫ with the invariant mass of
produced heavy quark or antiquark (p/2)2 = m2Q. To prepare for the sum with the virtual
correction from the next subsection, we rewrite the multiplicative factor of the real contri-
bution, (4πµ2/(2mQ)
2)ǫ as (4πµ2/m2Q)
ǫ × 4−ǫ, so that the real contribution in Eq.(23) can
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be expressed as
DNLO,real
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) =
αs
4 πmQNc(N2c − 1)
(
4πµ2
m2Q
)ǫ
Γ(1 + ǫ)
×
{
−N2c δ(ζ1)δ(ζ2)δ(1− z)
(
1
ǫUVǫIR
− 1
ǫIR
)
+
1
ǫUV
z
(1− z)+
∆
[8]
−
4
+ 2 (ln 2)N2c δ(ζ1) δ(ζ2) δ(1− z)
1
ǫUV
− 2 [(ln 2)2 + ln 2]N2c δ(ζ1) δ(ζ2) δ(1− z)− (2 ln 2) z(1− z)+
∆
[8]
−
4
+
∆
[8]
−
4
[
− z
(1 − z)+ − 2 z
(
ln(1− z)
1− z
)
+
]}
,
(26)
where terms with ln 2 dependence are due to the multiplication of the 4−ǫ with the poles, and
terms vanishing at D = 4 are neglected. Note that since the 4−ǫ originates from infra-red
region, its O(ǫ) term should first cancel with 1/ǫIR pole before it cancels the 1/ǫUV pole.
The mismatch between p2 of the real contribution and the (p/2)2 of the virtual contribution
is similar to the phase space mismatch between the real and virtual contribution to the
evolution kernels of heavy quark fragmentation functions, which led to the ln(uu¯vv¯) term in
the kernels [14]. Actually, such mismatch was originated from the difference of the gluon’s
maximum allowed light-cone momentum between the real and the virtual diagrams [14].
B. Virtual contribution
In Feynman gauge, Feynman diagrams for virtual correction are shown in Fig. 3. Note
that diagrams (j), (k) and (l) in Fig. 3 have no contributions for [QQ¯(a[8])]→ [QQ¯(1S [8]0 )]
kernel. The full virtual contribution could be thus written as
DNLO,virtual
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) = 2δ(1− z)δ(ζ2) {Λ(ζ1) + Σ(ζ1) + Π(ζ1) +W (ζ1)}
+ 2δ(1− z)δ(ζ1)
{
Λ†(ζ2) + Σ
†(ζ2) + Π
†(ζ2) +W
†(ζ2)
}
,
(27)
where the first (second) line is from the cut-notation diagrams with NLO diagrams in Fig.
3 on the left (right) and LO diagrams on the right (left). Each line is further separated
into four terms corresponding to different diagrams in Fig. 3: Λ for diagrams (a) and (b),
Σ for diagrams (c) and (d), Π for diagram (e), and W for diagrams (f), (g), (h) and (i).
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ζ1 and ζ2 could be any number between −1 and 1. From charge conjugation symmetry
[1], we find that DNLO,virtual
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) is an even function of ζ1 and ζ2, and
therefore, Λ(ζ1), Σ(ζ1), Π(ζ1) andW (ζ1) must be even functions of ζ1 for this process, which
is manifested in our results below.
In the calculation of this virtual contribution, we encounter ζ−1−2ǫ1 Sgn(ζ1) and ζ
−2−2ǫ
1
type terms, which are divergent as ζ1 → 0. We regularize these singular terms with a set of
generalized plus-distributions
Sgn(ζ1)
(ζ1)1+2ǫ
= − 1
ǫIR
δ(ζ1) +
(
1
ζ1
)
1+
− ǫ
(
ln(ζ21 )
ζ1
)
1+
, (28a)
1
(ζ1)2+2ǫ
= −2(1− 2ǫ)δ(ζ1) +
(
1
ζ21
)
2+
− ǫ
(
ln(ζ21 )
ζ21
)
2+
. (28b)
In the same manner, we also define
Sgn(ζ1) ζ1 = (ζ1)0+. (29)
These generalized plus-distributions are collectively defined as
(
g(ζ1)
)
m+
≡
∫ 1
−1
[θ(x) + θ(−x)] g(|x|)×
(
δ(x− ζ1)−
m−1∑
i=0
δ(i)(ζ1)
i !
(−x) i
)
dx , (30)
where m is a non-negative integer. These new plus-distributions are even functions of ζ1.
For any well-behaved function, f(ζ1), which, so as its derivatives up to the (m−1)-th order,
should be free of divergence for ζ1 ∈ [−1, 1], we have
∫ (
g(ζ1)
)
m+
f(ζ1) dζ1 =
∫ 1
−1
[θ(ζ1) + θ(−ζ1)] g(|ζ1|)×
(
f(ζ1)−
m−1∑
i=0
f (i)(0)
i !
ζ i1
)
dζ1, (31)
where f (i)(ζ1) is the ith derivative of f(ζ1).
After considerable amount of algebra, we derive the four terms contributing to the virtual
contribution in Eq. (27),
Λ(ζ1) =
αsCF
8πmQ(N2c − 1)
δ(ζ1)
(
4πµ2
m2Q
)ǫ
Γ(1 + ǫ)
(
1
ǫUVǫIR
+
2
ǫUV
+ 4
)
, (32a)
Σ(ζ1) =
αs
8πmQ
1
2Nc(N2c − 1)
(
4πµ2
m2Q
)ǫ
Γ(1 + ǫ)
{
1
ǫUVǫIR
δ(ζ1) +
1
ǫUV
[
(1)0+ −
(
1
ζ1
)
1+
]
+
(
ln(ζ21 )
ζ1
)
1+
− (ln(ζ21 ))0+
}
, (32b)
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Π(ζ1) =
αs
16πmQ
1
2Nc(N2c − 1)
(
4πµ2
m2Q
)ǫ
Γ(1 + ǫ)
{
1
ǫUV
[
(ζ1)0+ − (1)0+
]
− 2
ǫIR
δ(ζ1) + 4 δ(ζ1)
−
(
ζ1 ln(ζ
2
1) + ζ1
)
0+
+ 2
(
1
ζ1
)
1+
− 2
(
1
ζ21
)
2+
+
(
ln(ζ21 ) + 1
)
0+
}
, (32c)
W (ζ1) =− αsCF
16πmQ(N2c − 1)
δ(ζ1)
(
4πµ2
m2Q
)ǫ
Γ(1 + ǫ)
(
1
ǫUV
+
2
ǫIR
+ 4
)
, (32d)
where CF = (N
2
c −1)/(2Nc). It is straightforward to verify that every function above is even
for ζ1. Substitute these expressions into Eq. (27). we obtain the NLO virtual correction
DNLO,virtual
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) =
αs
8πmQ
1
2Nc(N2c − 1)
δ(1− z)δ(ζ2)
(
4πµ2
m2Q
)ǫ
Γ(1 + ǫ)
×
{
2N2c δ(ζ1)
[
1
ǫUVǫIR
− 1
ǫIR
+ 2
]
+
1
ǫUV
[
3(N2c − 1)δ(ζ1)− 2
(
1
ζ1
)
1+
+ (ζ1 + 1)0+
]
+2
[(
1
ζ1
)
1+
−
(
1
ζ21
)
2+
+
(
ln(ζ21)
ζ1
)
1+
]
− ((ζ1 + 1)ln(ζ21))0+ − (ζ1 − 1)0+
}
+ (ζ1 ←→ ζ2).
(33)
We also derive the same result by using the light-cone gauge. As noted in the last subsection,
there is a mismatch between the (4πµ2/(2mQ)
2)
ǫ
of the real correction in Eq. (23) and the(
4πµ2/m2Q
)ǫ
of the virtual correction in Eq. (33), which led to the extra logarithms in
Eq. (26).
Comparing Eq. (26) and Eq. (33), all infrared poles cancel between the real and virtual
contributions. However, the sum of Eq. (26) and Eq. (33) still contains ultraviolet divergence,
which should be taken care of by the renormalization of the nonlocal operators defining the
fragmentation functions in Eq. (8).
C. Renormalization of composite operators defining FFs
As defined in Eq. (12), the heavy quark-pair FF is defined with a UV counter-term, which
is a result of the UV renormalization of the composite operators defining the FFs. The UV
counter-term removes the perturbative UV divergence of the FFs order-by-order in powers of
αs. In general, UV divergence of FFs calculated by using the NRQCD factorization should
be different from that defined by pQCD factorization. The reason is following. The heavy
quark mass in pQCD factorization is a small scale and is set to be zero at the beginning,
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while the heavy quark mass in NRQCD factorization is a large scale and is always kept to
be finite. Because of the finite quark mass, there are helicity flip contribution in NRQCD
calculation, which is forbidden in pQCD factorization. Therefore, extra UV divergence for
helicity flip contribution may emerge in NRQCD calculation. An example for this kind of
UV divergence is the contribution of the diagram (j) in Fig. 3 in the NLO calculation of
D
[QQ¯(t[8])]→[QQ¯(3S
[8]
1 )]
. Thus, the correct way to renormalize input FFs calculated by using the
NRQCD factorization is:
D[QQ¯(κ)]→[QQ¯(n)] = Γ[QQ¯(κ)]→[QQ¯(κ′)] ⊗ Z[QQ¯(κ′)]→[QQ¯(κ′′)] ⊗Dbare[QQ¯(κ′′)]→[QQ¯(n)], (34)
where Γ is the evolution kernel defined in pQCD factorization, and Z is used to take care
of the extra UV divergence discussed above. Expanding Eq. (34) to NLO, we find
DNLO[QQ¯(κ)]→[QQ¯(n)] = DNLO,bare[QQ¯(κ)]→[QQ¯(n)] +DNLO,ren,1[QQ¯(κ)]→[QQ¯(n)] +DNLO,ren,2[QQ¯(κ)]→[QQ¯(n)], (35)
where
DNLO,ren,1
[QQ¯(κ)]→[QQ¯(n)]
(z, ζ1, ζ2;mQ) = Γ
NLO
[QQ¯(κ)]→[QQ¯(κ′)] ⊗D LO,bare[QQ¯(κ′)]→[QQ¯(n)]
= − A
ǫUV
∑
[QQ¯(κ′)]
∫ 1
z
dz′
z′
∫ 1
−1
dζ ′1 dζ
′
2
4
× Γ[QQ¯(κ)]→[QQ¯(κ′)](z′, u =
1 + ζ1
2
, v =
1 + ζ2
2
; u′ =
1 + ζ ′1
2
, v′ =
1 + ζ ′2
2
)
×D LO,bare
[QQ¯(κ′)]→[QQ¯(n)]
(z/z′, ζ ′1, ζ
′
2, mQ) ,
(36)
the summation runs over all possible perturbative intermediate QQ¯-pair states κ′, and
Γ[QQ¯(κ)]→[QQ¯(κ′)] is the evolution kernel for a heavy quark pair to evolve into another
heavy quark pair perturbatively, which is process-independent and has been derived in
Refs. [14, 25]. In this paper, we will use results obtained in Ref. [14]. In Eq. (36), LO
short-distance coefficient D LO,bare
[QQ¯(κ′)]→[QQ¯(n)]
= D LO
[QQ¯(κ′)]→[QQ¯(n)]
could be similarly derived as
the example in the last section, but, must be evaluated and kept in D-dimension in the
dimensional regularization. The proportional factor, A = 1+O(ǫ) in Eq. (36), is a constant
whose choice determines the renormalization scheme.
DNLO,ren,2
[QQ¯(κ)]→[QQ¯(n)]
in Eq. (35) is defined as
DNLO,ren,2
[QQ¯(κ)]→[QQ¯(n)]
= ZNLO[QQ¯(κ)]→[QQ¯(κ′)] ⊗D LO,bare[QQ¯(κ′)]→[QQ¯(n)], (37)
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and can be similarly written in the integration form as Eq. (36). DNLO,ren,2
[QQ¯(κ)]→[QQ¯(n)]
is scheme
dependent, and we will use the same scheme as that in Eq. (36). Then, in our calculation,
DNLO,ren,2
[QQ¯(κ′)]→[QQ¯(n)]
equals to zero for all processes except [QQ¯(t[8])]→ [QQ¯(3S [8]1 )], where
DNLO,ren,2
[QQ¯(t[8])]→[QQ¯(3S
[8]
1 )]
=
αs δ(1− z)
48 πmQ(N2c − 1)
A
ǫUV
[
δ(ζ1)(1)0+ + δ(ζ2)(1)0+
]
. (38)
In the following, we use DNLO,ren
[QQ¯(κ)]→[QQ¯(n)]
to represent the addition of the two counter-terms
in Eq (35).
For our example [QQ¯(a[8])] → [QQ¯(1S [8]0 )], from Eq. (36), one could conclude that the
LO short-distance coefficients vanish unless [QQ¯(κ)] is a[8]. Therefore, Eq. (36) could be
reduced to
DNLO,ren
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ) =− A
ǫUV
1
8mQ(N2c − 1)
× Γ[QQ¯(a[8])]→[QQ¯(a(8))](z, u =
1 + ζ1
2
, v =
1 + ζ2
2
; u′ =
1
2
, v′ =
1
2
),
(39)
where we have used the result of LO short-distance coefficient in Eq. (20) and performed
the integration with the δ-functions. The evolution kernel has been calculated in Ref. [14]
as
Γ[QQ¯(a[8])]→[QQ¯(a(8))](z, u =
1 + ζ1
2
, v =
1 + ζ2
2
; u′ =
1
2
, v′ =
1
2
),
=
(αs
2π
) 1
Nc
{ z
(1− z)+∆
[8]
− + 8 (ln2)N
2
c δ(ζ1) δ(ζ2)δ(1− z) + δ(1− z)[δ(ζ2)F (ζ1) + δ(ζ1)F (ζ2)]
}
,
(40)
where ∆
[8]
− is given by Eq. (24) and
F (ζ1) ≡ 3 (N2c − 1) δ(ζ1)− 2
(
1
ζ1
)
1+
+ (ζ1 + 1)0+. (41)
Substitute Eq. (40) into Eq. (39), we obtain the contribution to the UV counter-term as
DNLO,ren
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ) = −αs
π
(4πe−γE)ǫ
1
ǫUV
1
16mQNc(N2c − 1)
×
{ z
(1− z)+∆
[8]
− + 8(ln 2)N
2
c δ(ζ1) δ(ζ2) δ(1− z)
+ δ(1− z)[δ(ζ2)F (ζ1) + δ(ζ1)F (ζ2)]},
(42)
where the “A” in Eq. (39) was chosen to be (4πe−γE)ǫ for MS scheme. It is straightforward
to verify the cancellation of UV divergence by adding up Eqs. (26), (33) and (42).
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From Eq. (22), we obtain the NLO short-distance coefficient,
dˆ NLO
[QQ¯(a[8])]→[QQ¯(1S
[8]
0 )]
(z, ζ1, ζ2;mQ, µ0) =
αs
16 πmQ(N2c − 1)
×
{(2π
αs
)
Γ[QQ¯(a[8])]→[QQ¯(a[8])](z,
1 + ζ1
2
,
1 + ζ2
2
;
1
2
,
1
2
) ln
[ µ20
m2Q
]
+ R(z, ζ1, ζ2) + δ(1− z)[V (ζ1)δ(ζ2) + V (ζ2)δ(ζ1)]
}
,
(43)
where R and V are finite contributions from real and virtual diagrams, respectively, which
are defined as
V (ζ1) =
1
Nc
{
2
[
−
(
1
ζ21
)
2+
+
(
1
ζ1
)
1+
+
(
ln(ζ21 )
ζ1
)
1+
]
− ((ζ1 + 1)ln(ζ21 ))0+ − (ζ1 − 1)0+
+ 4N2c δ(ζ1)
}
, (44a)
R(z, ζ1, ζ2) =
1
Nc
{
∆
[8]
−
[
−2z
(
ln(2− 2z)
1− z
)
+
− z
(1− z)+
]
− 8 [(ln 2)2 + ln 2]N2c δ(ζ1) δ(ζ2) δ(1− z)
}
, (44b)
where ∆
(8)
− is defined in Eq. (24). Although this expression is not in the same compact form
as what is shown in Appendix D, it is trivial to verify the equivalence.
We found that all NLO short-distance coefficients for heavy quarkonium FFs from a
perturbatively produced heavy quark pair, calculated in NRQCD factorization formulism,
are IR safe. A complete list of our results are given in Appendix D.
VI. SUMMARY AND CONCLUSION
We calculated heavy quarkonium FFs at the input scale, µ0 >∼ 2mQ, in terms of NRQCD
factorization approach up toO(v4) in its velocity expansion. We calculated all short-distance
coefficients at LO and NLO in powers of αs to single parton FFs, as well as contributions
at the first non-trivial order in αs to the heavy quark pair FFs. In this paper, we pre-
sented detailed calculations of heavy quark pair FFs to a quarkonium through a S-wave
non-relativistic QQ¯-pair. All contributions through a P -wave non-relativistic QQ¯-pair are
presented in a companion paper [1]. Although there is no formal proof of NRQCD factoriza-
tion approach to the FFs, we found that all perturbative infrared sensitivities are cancelled at
the order of our calculations, which ensures all calculated short-distance coefficients infrared
safe.
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The new perturbative QCD factorization formalism for evaluating the heavy quarkonium
production at large pT effectively factorizes the production into three stages: (1) perturbative
hard partonic collisions at a distance scale of O(1/pT ), (2) perturbative resummation of
leading logarithmic contributions from the distance scale of O(1/pT ) to O(1/µ0), and (3)
nonperturbative dynamics beyond the distance scale of O(1/µ0), which are covered by the
universal FFs at the input scale µ0. Since both the physics at stages (1) and (2) are effectively
perturbative and independent of heavy quark mass, flavor and spin, they are the same
regardless which heavy quarkonium (J/ψ, ψ′, χc, or anyone from the Υ family) is actually
produced. In this QCD factorization formalism, it is these input FFs that are responsible for
the characteristics of producing different heavy quarkonium states, including the spin and
polarization of the quarkonium produced. That is, it is the dynamics at the stage (3) at the
input scale µ0 and below that is really responsible for the formation of a heavy quarkonium
from a perturbatively produced heavy quark pair. By applying NRQCD factorization to
the input FFs, we effectively further factorize the dynamics at the stage (3) into two: new-
type perturbative physics between the momentum scale of O(µ0) and O(µΛ) ∼ O(mQ),
and the nonperturbative physics at the momentum scale O(mQv) and below. If NRQCD
factorization is valid for evaluating these FFs, we should be able to systematically predict the
production characteristics of all heavy quarkonium states, in terms of limited and universal
NRQCD LDMEs. That is, the proof or disproof of NRQCD factorization for evaluating these
FFs is critically important for understanding the heavy quarkonium production, which is
still puzzling us after almost forty years since the discovery of J/ψ [37, 38]. Our effort in
this and its companion paper is the first step to focus the heavy quarkonium production in
terms of the input FFs. Our results on input FFs bridge the gap between the perturbative
QCD factorization formalism and its phenomenological applications.
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Appendix A: pQCD and NRQCD projection operators
1. Projection operators in pQCD factorization
The heavy quark pair fragmentation function to a physical heavy quarkonium is defined in
Eq. (8) [14], in which there are two operators P(s)ij,kl(pc) and C[I]ab,cd , projecting the fragmenting
heavy quark pair to a particular spin and color state. Subscripts i, j, k, l are the spinor
indices and a, b, c, d label the color of each field. All of the definitions are given in [14]; we
list them below for readers’ convenience. Some explanations related to our calculation are
also included.
The definitions of P(s)ij,kl(pc) in D dimensions are
P(v)(pc)ij,kl = 1
4pc · nˆ (γ · nˆ)ij
1
4pc · nˆ (γ · nˆ)kl, (A1a)
P(a)(pc)ij,kl = 1
4pc · nˆ
[γ · nˆ , γ5]ij
2
1
4pc · nˆ
[γ · nˆ , γ5]kl
2
, (A1b)
P(t)(pc)ij,kl = 1
D − 2
∑
ρ=1,2,··· ,D−2
1
4pc · nˆ (γ · nˆ γ
ρ
⊥)ij
1
4pc · nˆ (γ · nˆ γ
ρ
⊥)kl, (A1c)
where the superscripts (v), (a) or (t) represent that the heavy quark pair is in a vector,
axial-vector or tensor state, respectively, and nˆ is a light-like vector, defined in Sec. II. To
keep the charge conjugation invariance of the axial-vector heavy quark pair fragmentation
function in dimensional regularization, we use [γ · nˆ , γ5] /2 = (γ · nˆ γ5 − γ5 γ · nˆ)/2 instead
of γ · nˆ γ5.
The definitions of color projection operators C[I]ab,cd are
C[1]ab,cd =
1√
Nc
δa,b
1√
Nc
δc,d, (A2a)
C[8]ab,cd =
2
N2c − 1
∑
f
(t
(F )
f )ab (t
(F )
f )cd. (A2b)
In Eqs. (12), (13) and (14), we split P(s)(pc) and Cb into products of several operators
and normalization factors as
P(s) = Γs(pc)Γ
†
s(pc)
Ns
Ps, (A3a)
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Cb = CbC
†
b
Nb
, (A3b)
where the indices are suppressed, and all operators are understood to be inserted in the
proper location as they are in Eqs. (12) and (13). In Eq. (A3), s could be vector (v), axial-
vector (a), or tensor (t), and b could be “1” for color singlet or “8” for color octet. The
operators in Eq. (A3a) are defined in D-dimension as
Γv(pc) =
γ · nˆ
4pc · nˆ , Nv = 1, (A4a)
Γa(pc) =
[γ · nˆ , γ5]
8pc · nˆ , Na = 1, (A4b)
Γt(pc) =
γ · nˆ γρ
4pc · nˆ , Nt = D − 2, (A4c)
and
Pv(pc) = Pa(pc) = 1, (A5a)
Pt(pc) = −gρρ′ + (pc)ρnˆρ
′ + (pc)ρ′nˆρ
pc · nˆ −
p2c
(pc · nˆ)2 nˆρnˆρ
′ , (A5b)
where Lorentz index ρ′ is the counterpart of ρ in Γ†t(pc).
The color operators in Eq. (A3b) are defined as
C1 =
1√
Nc
, N1 = 1, (A6a)
C8 =
√
2 t(F )a , N8 = N
2
c − 1, (A6b)
where 1 is a 3×3 unit matrix, the superscript (F ) represents the fundamental representation
of SU(3), and subscript a is summed between C8 and C
†
8.
2. Projection operators in NRQCD factorization
NRQCD projectors NNRb′ in Eq. (12) and C
NR
b′ in Eq. (14) are the same as color projection
operators of pQCD factorization in Eq. (A6), that is
CNRb′ = Cb′ , N
NR
b′ = Nb′ . (A7)
However, the meaning of N8 = N
2
c − 1 and that of NNR8 = N2c − 1 are significantly different.
The former indicates that the QQ¯-pair FFs are defined to average over the color of the
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fragmenting pair. In contrast, the later means that we need to average over the color of the
NRQCD states in the short-distance coefficients, since the NRQCD LDMEs are defined to
sum over all possible color states of the heavy quark pair.
The NRQCD spinor projection operators ΓNRi in Eq. (14) are given by
ΓNRi (p) =
1√
8m3Q
(
/p
2
− /qr −mQ)γ5(
/p
2
+ /qr +mQ) if i is spin singlet, (A8a)
ΓNRi (p) =
1√
8m3Q
(
/p
2
− /qr −mQ)γβ(
/p
2
+ /qr +mQ) if i is spin triplet, (A8b)
where mQ is the heavy quark mass. The factor 1/(8m
3
Q)
1/2 is partly caused by different
normalizations between individual heavy quark and the pair, and we refer the interested
readers to Ref. [39], for example, for a more detailed discussion.
The normalization factors NNRi in Eq. (12) are defined as the number of states in D-
dimension (number of color states are not counted here),
NNR1S0 = N
NR
3P0
= 1, (A9a)
NNR3S1 = N
NR
1P1
= D − 1, (A9b)
NNR3P1 =
1
2
(D − 1)(D − 2), (A9c)
NNR3P2 =
1
2
(D + 1)(D − 2), (A9d)∑
J=0,1,2
NNR3PJ = (D − 1)2. (A9e)
PNRi in Eq. (13) are defined as,
PNR1S0 = 1, (A10a)
PNR3S1 = P
ββ′(p), (A10b)
PNR1P1 = P
αα′(p), (A10c)
PNR3P0 =
1
D − 1P
αβ(p)Pα
′β′(p), (A10d)
PNR3P1 =
1
2
(Pαα
′
(p)Pββ
′
(p)− Pαβ′(p)Pβα′(p)), (A10e)
PNR3P2 =
1
2
(Pαα
′
(p)Pββ
′
(p) + Pαβ
′
(p)Pβα
′
(p))− 1
D − 1P
αβ(p)Pα
′β′(p), (A10f)
where Pµν(p) is given by
P
αα′(p) = −gαα′ + p
αpα
′
p2
, (A11)
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and Lorentz index α will be contracted with the Lorentz index from the derivative in Eq. (14),
and the primed Lorentz indices are for the complex conjugate of the amplitude, which are
the counterparts of the unprimed ones in the amplitude.
Appendix B: γ5 in dimensional regularization
The inconsistency between the following two properties of γ5 in D-dimension
Tr[γ5γµγνγργσ] = −4i ǫµνρσ, (B1a)
[γ5, γα] = 0, (B1b)
is well known [40]. Many γ5 schemes in D-dimension have been proposed, such as ’t Hooft-
Veltman scheme [40, 41] and Kreimer scheme [42–44]. In principle, we can use any scheme
as long as it is self-consistent. Although the resulted short-distance coefficients can differ by
using different schemes, the difference is IR and UV finite at NLO calculation. Thus, one can
perform a finite renormalization to relate results of different schemes. In our present work, we
use a Kreimer-like scheme, while leave the finite renormalization and scheme independence
discussion in future publication. In the Kreimer scheme, one needs to choose a “reading
point”. As in our calculation all traces have zero, one or two γ5’s, we adopt the following
choice.
For traces with only one γ5, we “read” or start the spinor trace in the amplitude from
the γ5, then use [45]
Tr[γ5γα1 · · · γαn] =
2
n− 4
n∑
i=2
i−1∑
j=1
(−1)i+j+1gαiαjTr[γ5
n∏
k=1,
k 6=i,j
γαk ], (B2)
recursively until the trace involves only four γα’s. For n = 4, we use
Tr[γ5γµγνγργσ]Tr[γ5γ
µγνγργσ] = 16D(D − 1)(D − 2)(D − 3). (B3)
For traces with even number of γ5’s, the reading point is in fact irrelevant, because we can
always remove γ5’s by using Eq. (B1b) and
γ5 γ5 = 1. (B4)
31
Appendix C: Single-Parton fragmentation functions
In terms of the NRQCD factorization, the heavy quarkonium fragmentation functions
from a single-parton are factorized in the form
Df→H(z;mQ, µ0) =
∑
[QQ¯(n)]
παs
{
dˆ
(1)
f→[QQ¯(n)]
(z;mQ, µ0, µΛ)
+
(αs
π
)
dˆ
(2)
f→[QQ¯(n)]
(z;mQ, µ0, µΛ) +O(α
2
s)
}
×
〈OH
[QQ¯(n)]
(µΛ)〉
m2L+3Q
,
(C1)
where µ0 (or µΛ) is pQCD (or NRQCD) factorization scale, f could be gluon (g), light quark
(q), charm quark (c), bottom quark (b), or their anti-particles, [QQ¯(n)] is an intermediate
NRQCD QQ¯ state with quantum number n = (2S+1)L
[1,8]
J , H could be ηc, J/ψ, ψ
′, hc, χcJ , or
their bottomonia counterparts, and LDME 〈OH
QQ¯[n]
〉 summarizes the nonperturbative physics
for the [QQ¯(n)]-pair to evolve into a heavy quarkonium H at the energy scale below µΛ.
The denominator m
−(2L+3)
Q is introduced so that dˆ
(1) and dˆ (2) are dimensionless.
Color singlet NRQCD LDMEs could be related to the value of (or the derivative of) heavy
quarkonium wave functions at the origin, such as
〈O ηc
[cc¯(1S
[1]
0 )]
〉 = 1
4π
|Rηc(0)|2, (C2)
〈O J/ψ
[cc¯(3S
[1]
1 )]
〉 = 3
4π
|RJ/ψ(0)|2, (C3)
〈O hc
[cc¯(1P
[1]
1 )]
〉 = 9
4π
|R′hc(0)|2, (C4)
〈O χcJ
[cc¯(3P
[1]
J
)]
〉 = 3(2J + 1)
4π
|R′χcJ (0)|2, (C5)
and similar relations are existed for LDMEs of producing bottomonia. Values of these wave
functions at the origin could be either calculated from potential model, or fixed by data on
heavy quakonium decay. In contrast, color octet NRQCD LDMEs could only be extracted
from data of heavy quakonium production at present.
In the rest of this appendix we list short-distance coefficients for all single-parton frag-
mentation functions to S-wave and P -wave QQ¯-pair up to order O(α2s). At O(αs), we have
dˆ
(1)
g→3S
[8]
1
=
δ(1− z)
(3− 2ǫ)(N2c − 1)
, (C6)
while all other channels vanish. Results at O(α2s) are given in the following.
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1. Gluon Fragmentation Functions
dˆ
(2)
g→1S
[1]
0
=
1
Nc
{
(1− z)ln[1− z]− z2 + 3
2
z
}
, (C7)
dˆ
(2)
g→3S
[1]
1
= 0, (C8)
dˆ
(2)
g→1P
[1]
1
= 0, (C9)
dˆ
(2)
g→3P
[1]
J
=
4
9Nc
{[ QJ
2J + 1
− 1
2
ln
( µ2Λ
4m2Q
)]
δ(1− z) + z
(1− z)+ +
PJ(z)
2J + 1
}
, (C10)
dˆ
(2)
g→3S
[8]
1
=
1
12CF
[
A(µ0)δ(1− z) + 1
Nc
Pgg(z)
(
ln(
µ20
4m2Q
)− 1
)
+
2(1− z)
z
− 4(1− z + z
2)2
z
(
ln(1− z)
1− z
)
+
]
,
(C11)
dˆ
(2)
g→1P
[8]
1
=
1
12CF
[(1− z)ln(1− z)− z2 + 3
2
z], (C12)
dˆ
(2)
g→1S
[8]
0
=
BF
CF
× dˆ (2)
g→1S
[1]
0
, (C13)
dˆ
(2)
g→3P
[8]
J
=
BF
CF
× dˆ (2)
g→3P
[1]
J
, (C14)
where
BF =
N2c − 4
4Nc
, (C15)
Q0 =
1
4
, Q1 =
3
8
, Q2 =
7
8
, (C16)
P0(z) =
z(85 − 26z)
8
+
9(5− 3z)
4
ln(1− z), (C17)
P1(z) = −3z(1 + 4z)
4
, (C18)
P2(z) =
5z(11 − 4z)
4
+ 9(2− z)ln(1− z), (C19)
A(µ) =
β0
Nc
[
ln
( µ2
4m2Q
)
+
13
3
]
+
4
N2c
− π
2
3
+
16
3
ln2, (C20)
Pgg(z) = 2Nc
[ z
(1− z)+ +
1− z
z
+ z(1 − z) + β0
2Nc
δ(1− z)
]
, (C21)
β0 =
11Nc − 2nf
6
. (C22)
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2. Same Flavor Heavy (Anti-)Quark Fragmentation Functions
Heavy quark Q has the same flavor as the outgoing QQ¯-pair.
dˆ
(2)
Q→1S
[1]
0
=
2
3
C2F
Nc
(z − 1)2
(z − 2)6 z(3z
4 − 8z3 + 8z2 + 48), (C23)
dˆ
(2)
Q→3S
[1]
1
=
2
3
C2F
Nc
(z − 1)2
(z − 2)6 z(5z
4 − 32z3 + 72z2 − 32z + 16), (C24)
dˆ
(2)
Q→1P
[1]
1
=
2
3
C2F
Nc
(z − 1)2
(z − 2)8 z(9z
6 − 56z5 + 140z4 − 160z3 + 176z2 − 128z + 64), (C25)
dˆ
(2)
Q→3P
[1]
0
=
2
9
C2F
Nc
(z − 1)2
(z − 2)8 z(59z
6 − 376z5 + 1060z4 − 1376z3 + 528z2
+ 384z + 192),
(C26)
dˆ
(2)
Q→3P
[1]
1
=
8
9
C2F
Nc
(z − 1)2
(z − 2)8 z(7z
6 − 54z5 + 202z4 − 408z3 + 496z2 − 288z + 96), (C27)
dˆ
(2)
Q→3P
[1]
2
=
16
45
C2F
Nc
(z − 1)2
(z − 2)8 z(23z
6 − 184z5 + 541z4 − 668z3 + 480z2
− 192z + 48),
(C28)
dˆ
(2)
Q→3S
[8]
1
=
1
12
1
N3c
1
(z − 2)6 z
{
N2c (z
2 − 2z + 2)(z − 2)6 ln( µ20
(z − 2)2m2Q
)
−N2c (z − 2)4z2(z2 − 10z + 10)− 16Nc z(z − 2)2(z4 − 7z3 + 12z2 − 8z + 2)
+ 2(z − 1)2z2(5z4 − 32z3 + 72z2 − 32z + 16)
}
,
(C29)
dˆ
(2)
Q→1S
[8]
0
=
1
(N2c − 1)2
× dˆ (2)
Q→1S
[1]
0
, (C30)
dˆ
(2)
Q→1P
[8]
1
=
1
(N2c − 1)2
× dˆ (2)
Q→1P
[8]
1
, (C31)
dˆ
(2)
Q→3P
[8]
J
=
1
(N2c − 1)2
× dˆ (2)
Q→3P
[1]
J
, (C32)
dˆ
(2)
Q¯→n
= dˆ
(2)
Q→n, for any n =
2S+1L
[1,8]
J . (C33)
3. Light (Anti-)Quark Fragmentation Functions
Light quark q could be u, d or s.
dˆ
(2)
q→3S
[8]
1
=
1
12Nc
1
z
{
(z2 − 2z + 2)ln
[ µ20
4m2Q(1− z)
]
− 2z2
}
, (C34)
dˆ (2)q→n = 0, for n 6= 3S [8]1 , (C35)
dˆ
(2)
q¯→n = dˆ
(2)
q→n, for any n =
2S+1L
[1,8]
J . (C36)
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4. Different Flavor Heavy (Anti-)Quark Fragmentation Functions
Heavy quark Q′ has a different flavor with outgoing QQ¯-pair.
dˆ
(2)
Q′→3S
[8]
1
=
1
12Nc
1
z
{
(z2 − 2z + 2)ln
[ µ20
4m2Q(1− z + z
2η
4
)
]
− 2z2
(
1 +
1− z − z2
2
4− 4z + z2ηη
)}
,
(C37)
dˆ
(2)
Q′→n = 0, for n 6= 3S [8]1 , (C38)
dˆ
(2)
Q¯′→n
= dˆ
(2)
Q′→n, for any n =
2S+1L
[1,8]
J , (C39)
where η = m2Q′/m
2
Q, with mQ the mass of the heavy quark in the outgoing QQ¯-pair.
5. Comparison with Previous Results
Many of the above results have been calculated and are available in the literature. We
present here a brief comparison with previous results.
For gluon fragmentation into a heavy quark pair, Eq. (C7) and Eq. (C13) confirm the
results in Refs. [35] and [34], respectively. Eq. (C10) verifies the result of Ref. [30] using the
dimensional regularization, which is consistent with the earlier work in Ref. [31] evaluated
in a cutoff regularization scheme. Summing over all J , Eq. (C10) is also consistent with
the result in Ref. [32]. Eq. (C11) seems to have a very minor difference from the previous
calculation of g → [QQ¯(3S [8]1 )] + X fragmentation [28]. The minor difference seems to be
caused by the derivation of IACD in Eq. (A.11) of Ref. [28]. Our result for IACD can be
obtained by replacing −6 ln2 2 in Eq. (A.11) of Ref. [28] with −2 ln2 2.
For light-quark fragmentation into a QQ¯ pair, Eq. (C34) confirms the result in Ref. [29].
For heavy quark fragmentation into a QQ¯ pair, Eqs. (C23) and (C24) confirm the results
in Ref. [33]. Eqs. (C25)-(C28) and Eq. (C30) are the same as the results in Ref. [46]. But,
our result in Eq. (C29) is slightly different from both the result in Ref. [46] and that in
Ref. [29], while the results from these two authors are slightly different from each other for
this Q→ [QQ¯(3S [8]1 )] +Q channel.
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Appendix D: Results for double-parton FF’s
1. Definitions and Notations
Similar to Eq. (C1), in terms of NRQCD factorization, the QQ¯ pair fragmentation func-
tions could be factorized as
D[QQ¯(κ)]→H(z, ζ1, ζ2, µ0;mQ) =
∑
[QQ¯(n)]
{
dˆ
(0)
[QQ¯(κ)]→[QQ¯(n)]
(z, ζ1, ζ2, µ0;mQ, µΛ)
+
(αs
π
)
dˆ
(1)
[QQ¯(κ)]→[QQ¯(n)]
(z, ζ1, ζ2, µ0;mQ, µΛ) +O(α
2
s)
}
×
〈OH
[QQ¯(n)]
(µΛ)〉
m2L+1Q
,
(D1)
where [QQ¯(κ)] is a perturbatively produced fragmenting heavy quark pair in a particular
spin and color state κ, which could be vector (v), axial-vector (a) or tensor (t), with either
color singlet or octet. Again, the denominator m
−(2L+1)
Q is used so that dˆ
(0) and dˆ (1) are
dimensionless.
In the rest of this appendix we list our results of the short-distance coefficients for
all QQ¯-pair fragmentation functions into S-wave NRQCD QQ¯-pair up to NLO. In the
following, we omit the subscript QQ¯ to use the notation, dˆ
(j)
κ→n (j = 0, 1) instead of
dˆ
(j)
[QQ¯(κ)]→[QQ¯(n)]
(z, ζ1, ζ2, µ0;mQ, µΛ). Note that we do not list any results that vanish ex-
cept dˆ
(1)
t[1]→1S
[8]
0
, which is equal to zero only in our present γ5 scheme.
2. LO results
dˆ
(0)
v[1]→3S
[1]
1
=
1
2(3− 2ǫ)δ(ζ1)δ(ζ2)δ(1− z), (D2)
dˆ
(0)
a[1]→1S
[1]
0
=
1
2
δ(ζ1)δ(ζ2)δ(1− z), (D3)
dˆ
(0)
t[1]→3S
[1]
1
=
1
2(3− 2ǫ)δ(ζ1)δ(ζ2)δ(1− z), (D4)
dˆ
(0)
s[8]→2S+1L
[8]
J
=
1
N2c − 1
dˆ
(0)
s[1]→2S+1L
[1]
J
(ζ1, ζ2, z), (D5)
where s could be v, a or t, and ǫ = (D − 4)/2.
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3. NLO results
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(1)
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1
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(D6)
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, (D20)
where the zero result in Eq. (D17) depends on the γ5 scheme, the 2/3 in factor (ln[µ20/m
2
Q]−
2/3) comes from the ǫ-dependence of LO results, s could be v, a or t. V˜ , V , R and c are
defined as
V˜va(ζ1, ζ2) = δ(ζ2)
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4
3
ln 2), (D33)
c0 =
4
3
N2c
[
( ln 2)2 + ln 2− 1]. (D34)
Definitions of the plus-distributions are given in Eq. (25) and Eq. (30). The ∆-functions are
defined as
∆0 = 4 δ(ζ1)δ(ζ2), (D35)
∆
[1]
± = 4[δ(1− z + ζ1)± δ(1− z − ζ1)][δ(1− z + ζ2)± δ(1− z − ζ2)], (D36)
∆
[8]
± = 4
{
(N2c − 2)[δ(1− z + ζ1)δ(1− z + ζ2) + δ(1− z − ζ1)δ(1− z − ζ2)]
∓ 2[δ(1− z + ζ1)δ(1− z − ζ2) + δ(1− z − ζ1)δ(1− z + ζ2)]
}
.
(D37)
4. Comparison with Other Calculations
A similar calculation for the color singlet process [QQ¯(a[1])]→ [QQ¯(1S [1]0 )], in the termi-
nology of distribution amplitude, was completed by two groups previously [47, 48], but, their
results disagree with each other. Our result in Eq. (D11) confirms the calculation of Ref. [47].
For process [QQ¯(v[1])]→ [QQ¯(3S [1]1 )], our result in Eq. (D6) disagree with the result obtained
in [48]. Finally, we note that, soon after our paper was submitted, an independent calcula-
tion for [QQ¯(a[1])]→ [QQ¯(1S [1]0 )], [QQ¯(v[1])]→ [QQ¯(3S [1]1 )] and [QQ¯(t[1])]→ [QQ¯(3S [1]1 )] was
also reported in Ref. [49] in the terminology of distribution amplitude. Our results for these
three channels agree with that calculated in Ref. [49].
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